Abstract. We establish the exterior power structure for the polynomial twisted de Rham cohomology group associated with the generalized Airy functions at a point of extended Veronese variety. Using this structure, we obtain a natural basis of the twisted de Rham cohomology group from that of one dimensional case, which is considered as an analogue of the flat basis of the Jacobi ring of A-type simple singularity. We compute explicitly the cohomological intersection numbers for these basis and extend the result of Iwasaki and Matsumoto.
Introduction
For the Gamma and Euler's Beta functions, the following formulas are well known.
GðaÞGð1 À aÞ ¼ p sin pa ;
Bða; bÞBð1 À a; 1 À bÞ ¼ À2pi e 2piðaþbÞ À 1 ðe 2piðaÞ À 1Þðe 2piðbÞ À 1Þ :
Similar formulas are known for the Gauss hyperegeometric function or its confluent family: Kummer's confluent hypergeometric function, Bessel function, Hermite-Weber function and Airy function [19] . These formulas contain terms of product of the special functions with di¤erent parameters, like as Bða; bÞBð1 À a; 1 À bÞ for the Beta function, and therefore they are called the quadratic relations. In this paper, aiming at establishing a quadratic relation for the generalized Airy function, we compute the cohomological intersection numbers for this function.
We shall explain what the generalized Airy function is and how the computation of the cohomological intersection numbers may relate to the quadratic relations for the known cases.
The generalized Airy function, introduced by Gelfand et al. [6] , is defined by the integral of the form ð DðzÞ e f ðx; z; aÞ dx 1 5Á Á Á5dx n ;
where f is the polynomial of x given by (2.4) depending on matrices z in the set and DðzÞ is, roughly speaking, a locally finite n-cycle on which <ð f Þ tends to Ày faster than Àjxj q for some positive number q as jxj ! y. See Section 2 about the details of the definition of the geralized Airy function and see also [15] , [22] , [23] for the cycles. In this context, the classical Airy function The generalized Airy function and the classical special functions mentioned above are understood in a unified way in the framework of the general hypergeometric functions (GHF, for short) ( [16] ). For a partition l of N þ 2, we have the maximal abelian subgroup H l of GLðN þ 2; CÞ which is the centralizer of a regular element of Jordan normal form indexed by a partition l of N þ 2. The GHF of type l is a function on a Zariski open subset of Mðn þ 1; N þ 2; CÞ defined as a Radon transform by n-dimensional integral of a character of the universal covering group of H l . The Beta function and the Gamma function correspond to the case ðn; NÞ ¼ ð1; 1Þ with the partitions ð1; 1; 1Þ and ð2; 1Þ of 3, respectively. And the Gauss hypergeometric function, Kummer's confluent hypergeometric function, Bessel function, Hermite-Weber function and Airy function correspond to the case ðn; NÞ ¼ ð1; 2Þ with the partitions ð1; 1; 1; 1Þ, ð2; 1; 1Þ, ð2; 2Þ, ð3; 1Þ and (4) respectively. For the case ðn; NÞ general, the partitions ð1; . . . ; 1Þ and ðN þ 2Þ correspond to Aomoto-Gelfand hypergeometric function and the generalized Airy function, respectively ( [1, 5] ).
The quadratic relations for the GHF's are studied for the case of n ¼ 1 ( [19] ) and for Aomoto-Gelfand hypergeometric function ( [21] ). One of the method of obtaining the quadratic relations for these cases is to use the in-tersection theory for the twisted de Rham cohomology and of twisted homology. We can define the twisted de Rham cohomology group H which yields the quadratic relations.
So if one try to establish the quadratic relations for the GHF's along this line of thought, it is important to give the explicit form of the intersection matrices I h and I c for appropriately chosen bases of cohomology and homology groups. This is just what we shall carry out in this paper for the cohomology group of the generalized Airy function.
We explain the outline of this paper. In Section 2, we review the definition of the generalized Airy function. For any fixed z A Z nþ1 and the polynomial f given by (2.4), the twisted de Rham complex ðW ðX Þ; d f Þ is defined as a pair of the set W ðX Þ of polynomial di¤erential forms on X ¼ C n and the twisted exterior di¤erentiation
The twisted cohomology group H n ðW ðX Þ; d f Þ is the cohomology group of the complex ðW ðX Þ; d f Þ. Similarly we define the cohomology group H n ðW ðX Þ;
À Á for any z A Z nþ1 and base for these groups can be explicitly given (Proposition 3.2). In Section 4, the exterior power structure for the cohomology groups H n ðW ðX Þ; d Gf Þ is studied when z is a point of a subvariety of Z nþ1 of dimension 2ðN þ 1Þ called the generalized Veronese variety. In Section 5, we review the result due to Iwasaki ([9] ) on the duality between the polynomial twisted cohomologies: [11] works also in our case by a slight modification, however we give the proofs for the sake of completeness.
Generalized Airy functions
In this section, we recall the definition of the generalized Airy function (Airy function, for short). Let N b 1 be an integer and H the maximal abelian Lie group of the form
where L ¼ ðd iþ1; j Þ 0ai; jaNþ1 is the shift matrix. Sometimes it is convenient to write an element
The Airy function will be defined as a ''Radon transform'' of a character of the group H. Here a character means a Lie group homomorphism from H to C Â . So the characters of H will be described at first. Define the functions y i ðhÞ, 0 a i a N þ 1, by the generating function
The explicit form of y i is obtained as follows. Expand the left hand side of (2.1) as gives an isomorphism of the groups ( [6] ). Hence a character w :
given by wðh; aÞ ¼ h
Let n be an integer such that 1 a n a N, and let us consider the Radon transform of the character w with the condition
Let t ¼ ðt 0 ; t 1 ; . . . ; t n Þ be the homogeneous coordinates of P n . For z ¼ ðz 0 ; z 1 ; . . . ; z Nþ1 Þ A Z nþ1 ; define the vector tz ¼ ðtz 0 ; tz 1 ; . . . ; tz Nþ1 Þ of N þ 2 linear polynomials in t. Then, substitute these polynomials into the character wðÁ ; aÞ to obtain wði À1 ðtzÞ; aÞ. By virtue of the assumption (2.3), the n-form
is invariant by the homothety t 7 ! ct ðc A C Â Þ, and hence it is a well defined single valued n-form on P n depending holomorphically on z A Z nþ1 . Notice that the form wði À1 ðtzÞ; aÞ Á t has the singularity along ft A P n j t 0 ¼ 0g, since where DðzÞ is some n-dimensional homology cycle in X ¼ P n nft 0 ¼ 0g F C n depending continuously on z A Z nþ1 . See [15] for the homology group.
Let x ¼ ðx 1 ; . . . ; x n Þ be the a‰ne coodinates of X defined by 
Twisted de Rham cohomology
Take z A Z nþ1 and let f be the polynomial of x given by (2.4) and (2.5). Let X ¼ C n be as in Section 2 and W p ðX Þ the set of p-forms on X with
Definition 3.1. The cohomology group of the complex ðW ðX Þ; d f Þ:
is called the twisted de Rham cohomology group.
Let Yðn; N À nÞ denote the set of Young diagrams l contained in the box of row size n and column size N À n, namely, the diagrams whose length is less than n and whose parts satisfy l i a N À n. Then the following result is known. [14] ). For any z A Z nþ1 , the following holds. The basis (3.1) of H n ðW ðX Þ; d f Þ can also be obtained, for a point z of the extended Veronese variety of Z nþ1 , by using the exterior power structure of H n ðW ðX Þ; d f Þ, see Section 4.8.
4. Exterior power structure of the cohomology group
Extended Veronese map
It is known that the projective space P 1 is embedded in P n by the map
As is well known, the construction of this map can be understood from the linear algebra as follows. Let V be a complex vector space of dim V ¼ 2 and let S n V be the n-th symmetric tensor product of V . Then if we express the map
in terms of the basis e 0 , e 1 of V and
of S n V , we have the above map (4.1) by passing to the map PðV Þ ! PðS n V Þ between the projective spaces. This map is called the Veronese map.
Here we extend the Veronese map so that it adapts to the theory of generalized Airy function. Let C½T be the polynomial ring of one indeterminate T and let R ¼ C½T =ðT Nþ2 Þ be the quotient ring by the ideal ðT Nþ2 Þ generated by T Nþ2 . Note that the group of units of R is isomorphic to H. Instead of considering the vector space V , we consider the free R-modulẽ V V :¼ V n C R, which is also a left GLðV Þ-module. As a R-module,Ṽ V has a basis e 0 , e 1 , and as a C-vector space, it has a basis e i n T j ; 0 a i a 1; 0 a j a N þ 1:
Using these basis, any elementṽ v AṼ V is expressed as
v ij e i n T j ;
and thereforeṼ V can be identified with Mð2; N þ 2; CÞ by the correspondencẽ
Now we define the map Vero : Mð2; N þ 2; CÞ 7 ! Mðn þ 1; N þ 2; CÞ as follows. Let S nṼ V be the n-th symmetric tensor product as R-module. It is a free R-module with a basis e i ð0 a i a nÞ. Define the map Vero : 
By p i : Y n ! Y , we denote the projection to the i-th factor. Let r
n Þ be the exterior product, namely, the exterior di¤erentiation which satisfies, for j i A W p i ðY Þ ði ¼ 1; . . . ; nÞ, To show Proposition 4.4, we prepare a lemma. Define, for j A W ðY n Þ,
Lemma 4.5. Let W ðY n Þ S n be the set of invarint elements of W ðY n Þ by the action of S n . Then 
Proof. To show the assertion (1), it is enough to show that mðW ðY n ÞÞ H W ðY n Þ S n and m acts as a scalar multiplication by n! on an element of W ðY n Þ S n .
For j A W ðY n Þ and s A S n , we have
This implies mðjÞ A W ðY n Þ S n . For j A W ðY n Þ S n , we have
This shows that m is an n! times of the identity on W ðY n Þ S n .
Next we show (2) . For this, it is su‰cient show that
This completes the proof of (2). The proof of the assertion (3) 
Noting that p Ã ðtfÞ ¼ m as a map from W ðY n Þ to itself and ðtfÞ p Ã ¼ n! Á id as a map from W ðX Þ to itself, the induced maps for the cohomology groups
Thus the map ð1=n!ÞðtfÞ :
Define the map
It is an isomorphism by virtue of the Kü nneth formula, see [9] .
Proposition 4.7. The map (4.9) induces the isomorphism
Then (4.10) implies that the following diagram is commutative: 
In the following, we omit i À1 in the expression dy i ði À1 ðỹ yzÞÞ and denote it simply as dy i ðỹ yzÞ when there is no fear of confusion.
Next we give a basis of the cohomology group H n ðW ðX Þ; d f Þ, when f is defined by (4.3) forz z A Z nþ1 belonging to the extended Veronese variety. 
Definition of intersection number
First we briefly recall the definition of the intersection number for the twisted de Rham cohomologies due to Iwasaki [9] , [11] . This comes from the duality between H n ðW ðX Þ; d f Þ and H n ðW ðX Þ; d Àf Þ. We have an isomorphism
Let S ðY n Þ and T ðY n Þ be the set of di¤erential forms of Schwartz class on Y n and the set of tempered currents on Y n , respectively. Then the natural S n -equivariant chain map
induces the S n -equivariant isomorphims
On the other hand, from the duality between S ðY n Þ and T ðY n Þ, we have the S n -equivariant duality
Combining this duality and the isomorphism (5.1), we have the S n -equivalent duality for z A Z 2 given by (6.1). Since z has the form (6.1), by (2.2), we see that y m ðx xzÞ is a polynomial of x of degree m and the coe‰cient of x m is ðÀ1Þ m =m.
Lemma 6.1 ( [17] ). Let z A Z 2 be given by (6.1). We can choose the coe‰cients w 1 ; w 2 ; . . . ; w N so that the Laurent polynomial
has the property
where ðw m Þ þ is the polynomial part of terms of degree greater than 1 of the Laurent polynomial w m .
Note that we can use w as the coordinates on X near x ¼ y instead of x. Following the idea of [11] , we compute the intersection number for
Solve the equation
in the form of formal power series in w:
Let x þ be a smooth function on X such that its Taylor expansion at Thus it is su‰cient to show that the intersection numbers are invariant by the action of an element of GLð2; CÞ Â H which maps Z 2 to Z 2 . The following Lemma is the consequence of the identity (4.4). It assures that the intersection number hf þ ; f À i is invariant by the action of H. It is easily seen that g A GLð2; CÞ, which induces the automorphism z 7 ! gz of Z 2 , has the form g ¼ a b 0 c :
ð6:8Þ
The action of g on Z 2 is realized by the change of coodinates of X L g : x 7 ! b=a þ ðc=aÞx:
Since the definition of the intersection number is independent of the choice of coodinates of X , we have Lemma 6.5. Let g A GLð2; CÞ be as in (6.8). Then
Thus the proof of Theorem 5.2 for general z A Z 2 is reduced to the case given in Section 6.1, and hence the proof of Theorem 5.2 for n ¼ 1 is completed.
Multidimensional case
Combining the argument of Lemma 4 of [11] and that in Section 4.2, we have the following lemma, whose proof we omit. 
Proof of Theorem 5.2 for n general.
The argument is the same as in [11] . For l ¼ ðl 1 ; . . . ; l n Þ, m ¼ ðm 1 ; . . . ; m n Þ A Yðn; N À nÞ, we take f 
